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1. Introduction
In this paper we study a connection between the homotopy theory of unimodular quasi-Lie 1-bialgebras and the Batalin–
Vilkovisky formalism. By a quasi-Lie 1-bialgebra we understand a certain graded version of the notion introduced by
Drinfel’d [2]. These algebras are representations of a certain quadratic properad, which is shown to be Koszul. However,
adding the unimodularity condition forces us to work with representations of a wheeled properad. At present, there are
indications, but no proof, of the Koszulness of this wheeled properad.
In [6] Merkulov deﬁnes a quantum BV-manifold as a formal solution of the so-called quantum master equation whose
classical and semiclassical parts satisfy certain boundary restrictions. Merkulov shows that the category of such BV-manifolds
is intimately related (in fact equivalent) to the category of representations of (a candidate for) the resolution of the wheeled
properad of unimodular Lie 1-bialgebras. Furthermore, it is shown that this category is ‘homotopy perfect’ in the sense that
quasi-isomorphisms constitute an equivalence relation, and also that homotopy transfer formulae, and induction of effective
action via Feynman-type integration (as in [7]), yields the same structure of quantum BV-manifold on cohomology. We
extend these results to unimodular quasi-Lie 1-bialgebras, thus relaxing the boundary restrictions in the deﬁnition of BV-
manifold mentioned above. This generalization allows one to treat a larger class of models from quantum ﬁeld theory using
methods of differential graded wheeled properads. As an example we show in this paper how one can deal with BF-theory
with cosmological term in this manner.
Contents. This paper closely follows [6]. In Sections 2.1 to 2.8 we specify the geometric category of interest, a generalization
of Merkulov’s quantum BV-manifolds, and in Section 2.9 we give its homotopy classiﬁcation. In Section 3 we recall the
Koszul duality theory of wheeled properads. In Section 4 we describe the prop proﬁle of our BV-manifolds, the unimodular
quasi-Lie 1-bialgebras. In Section 5 we discuss the example of BF-theory with cosmological term from the perspective of
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algebras is Koszul.
Notation and conventions. We work over a ﬁeld k of characteristic zero and ⊗ means ⊗k . For a graded vector space V ,
V [k] is the graded vector space with V [k]i = V k+i , and s denotes the degree one isomorphism V → V [−1] deﬁned by the
equality V i = V−1+i+1 = V [−1]i+1. The abbreviation dg stands for differential graded. In local expressions summation over
repeated indices are always assumed.
2. Odd symplectic geometry
2.1. Graded manifolds
The category of ﬁnite-dimensional formal Z-graded manifolds over k is the opposite category of that of isomorphism
classes of complete, ﬁnitely generated, free, graded commutative k-algebras with continuous morphisms. Hence, a graded
manifold M is determined by the isomorphism class of its algebra of functions OM . For any M, OM is non-canonically iso-
morphic to kxa for some ﬁnite set of graded formal variables {xa} called coordinate functions. A speciﬁc such isomorphism
is called a choice of coordinates on M.
Note that since OM is local, any formal manifold is pointed. Given a ﬁnite-dimensional graded vector space V , the
k-algebra ˆ•V ∗ is complete, ﬁnitely generated, free and graded commutative. The corresponding graded manifold is inter-
preted as a formal neighborhood of zero in V . Any graded manifold M is the manifold associated to a vector space in this
way. Namely, let I be the maximal ideal of OM and let V be the tangent space of M at the distinguished point, V = (I/I2)∗ .
Then M is the graded manifold associated to V .
The tangent sheaf TM of a formal Z-graded manifold M is deﬁned as the module of derivations of OM , that is, linear
maps X :OM → OM such that X( f g) = X( f )g + (−1)|X || f | f X(g). Its sections are called vector ﬁelds. A degree −1 vector
ﬁeld X satisfying X2 = 0 is called homological. The OM-module TM is free and, over k, it carries a natural structure
of graded Lie algebra with commutator bracket. Choosing coordinates {xa} on M determines a basis {∂/∂xa} of TM . The
cotangent sheaf of M is deﬁned as the free OM-module Ω1M = HomOM (TM,OM)[1]. Its sections are called differential
1-forms. Choosing coordinates {xa} on M determines a basis {dxa} of Ω1M .
The algebra of polyvector ﬁelds T •M = ˆ
•TM[−1] is a free graded commutative algebra and hence determines a formal
Z-graded manifold which may be interpreted as a formal neighborhood of zero in the tangent space at zero to the total
space of Ω1M . Dually, the de Rham algebra Ω
•
M = ˆ
•
Ω1M is a free graded commutative algebra determining a formal
graded manifold which may be interpreted as a formal neighborhood of zero in the tangent space at zero to the total space
of TM[−1]. Note that this graded manifold comes naturally equipped with a homological vector ﬁeld d corresponding to
the de Rham differential.
2.2. Odd symplectic structures
Let M be a formal Z-graded manifold. An odd Poisson structure on M is a Gerstenhaber algebra structure on OM ,
i.e. a degree −1 linear map
{− • −} :OM ⊗OM →OM
which is skew commutative: { f • g} = (−1)| f ||g|+| f |+|g|{g • f }, satisﬁes the Jacobi identity:{
f • {g • h}}= {{ f • g} • h}+ (−1)(| f |+1)(|g|+1){g • { f • h}},
and is a derivation of the product in each of its arguments:
{ f • gh} = { f • g}h + (−1)| f ||g|+|g|g{ f • h}.
The main example of an odd Poisson manifold is given by the algebra of polyvector ﬁelds. Choosing coordinates {xa} on
M induces coordinates {xa,ψa} where
ψa = s ∂
∂xa
so that |ψa| = 1−
∣∣xa∣∣,
giving an isomorphism T •M ∼= kxa,ψa. In these coordinates we deﬁne
{ f • g} = (−1)| f ||xa| ∂ f
∂xa
∂ g
∂ψa
+ (−1)| f |(|xa|+1) ∂ f
∂ψa
∂ g
∂xa
, (1)
and can show that it gives T • an odd Poisson structure.M
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〈π,df dg〉 = { f • g},
where 〈−,−〉 denotes the natural degree zero pairing (TM[−1])2 ⊗ Ω2M → OM . An odd Poisson structure is said to be
symplectic if it is non-degenerate, i.e. if the induced morphism Ω1M → TM is an isomorphism. The degree −1 differential
2-form determined by the inverse of this isomorphism is called the symplectic form, and denoted ω. The fact that it is closed
follows from the Jacobi identity satisﬁed by the odd Poisson bracket.
The Darboux lemma states that any Z-graded manifold with a non-degenerate odd Poisson structure is locally isomorphic
to one of the form we just described. Hence, any odd symplectic manifold is of even dimension and allows for a choice of
coordinates {xa,ψa} such that the odd Poisson bracket is given by (1). Such coordinates are called Darboux coordinates.
2.3. Hamiltonian vector ﬁelds
For a function f ∈ OM on an odd Poisson manifold M, the vector ﬁeld H f = { f • −} is called the Hamiltonian vector
ﬁeld associated to f . If | f | = 1, then |H f | = 0 and H f deﬁnes locally an inﬁnitesimal symplectomorphism of M. One can
show that this can be integrated to a one-parameter family of local symplectomorphisms.
2.4. Lagrangian submanifolds
Let M be a graded manifold. A submanifold of M is a graded manifold L such that OL = OM/IL for some ideal
IL . The morphism L ↪→M deﬁned by the projection OM →OL is called the embedding of L into M. An n-dimensional
submanifold L of a 2n-dimensional odd symplectic manifold M is Lagrangian if the induced map ω|L :2(TL[−1]) →OL
vanishes.
2.5. Densities and semidensities
Let V be a free graded module over a graded ring R . The Berezinian of V , denoted Ber(V ), is by deﬁnition a rank one
free R-module equipped with a distinguished family of bases {De} such that
(i) to any basis {ea} of V corresponds a generator De of Ber(V ),
(ii) if eˆa = eb Aba is a change of basis for V , then Deˆ = Ber(A)De , where Ber(A) is the Berezinian of the matrix (Aba).
For a graded manifold M, the Berezinian is deﬁned as Ber(M) = Ber(T ∗M) = (Ber(Ω1M))∗ . Invertible sections of Ber(M)
are called densities (see [5]).
One can show (see [4]) that, for any odd symplectic manifold M, the sheaf Ber(M) admits a square root, i.e. a sheaf√Ber(M) such that √Ber(M)⊗2 ∼= Ber(M). Its invertible sections are called semidensities.
2.6. Odd Laplacian
Let (M,ω) be an odd symplectic manifold. The odd symplectic structure ω induces an operator ω on
√Ber(M) called
the odd Laplacian (see [3,8]). It can be expressed in Darboux coordinates as
ω(Θx,ψ
√
Dx,ψ ) = ∂
2Θx,ψ
∂xa∂ψa
√
Dx,ψ ,
from which it is clear that it satisﬁes the equation 2ω = 0.
2.7. Batalin–Vilkovisky manifolds
A Batalin–Vilkovisky structure (BV-structure for short) on an odd symplectic manifold (M,ω) is a semidensity Θ satisfy-
ing the so-called master equation
ω(Θ) = 0. (2)
A tuple (M,ω,Θ), consisting of an odd symplectic manifold with a BV-structure, is called a BV-manifold.
We can always normalize a semidensity Θx,ψ
√
Dx,ψ so that Θx,ψ = exp(Γ ) for some function Γ (x,ψ) vanishing at the
distinguished point. The master equation (2) then takes the form
ω(Θ) =
(
x,ψ (Γ ) + 1
2
{Γ • Γ }
)
Θ = 0,
which, since Θ is non-vanishing, is equivalent to
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2
{Γ • Γ } = 0.
Here x,ψ is the second order differential operator
x,ψ = ∂
2
∂xa∂ψa
.
2.8. Quantum master equation
Let K denote the formal aﬃne line of degree 2, so that OK is isomorphic to kh¯ with |h¯| = 2. We are interested in
families of graded manifolds over K. Such a family Mh¯ is called an h¯-twisted graded manifold, and consists of a continuous
monomorphism of topological algebras kh¯ → OMh¯ . The quotient of OMh¯ by the ideal generated by the image of h¯
corresponds to a submanifold M0 ↪→Mh¯ called the classical limit of the family.
Let Mh¯ be an h¯-twisted manifold. We ﬁx an isomorphism OMh¯ ∼=OM0 ⊗ kh¯ and let
OMh¯,h¯−1 =
{ ∞∑
n=−∞
fnh¯
n; f−n ∈ In for n 1
}
,
where I denotes the maximal ideal of OM0 . An invertible section Θ of the sheaf
√
Ber(Mh¯) ⊗OMh¯ OMh¯,h¯−1
is said to be regular if, in some Darboux coordinates {xa,ψa}, it can be written in the form
Θ = eΓ/h¯√Dx,ψ
for some function Γ (x,ψ, h¯) ∈ I , the maximal ideal of OMh¯ , whose classical limit Γ |h¯=0 lies in I .
A quantum BV-structure on an h¯-twisted odd symplectic manifold (Mh¯,ω) is a regular section Θ ∈
√Ber(Mh¯) ⊗OMh¯OMh¯,h¯−1 satisfying the quantum master equation
ω(Θ) = 0.
In Darboux coordinates this equation takes the form
h¯x,ψ (Γ ) + 1
2
{Γ • Γ } = 0. (3)
Let V be a graded vector space. The algebra ˆ•(V ⊕ V ∗[1])∗ ⊗ kh¯ determines an h¯-twisted odd symplectic manifold,
from now on denoted MV , and the Darboux lemma states that any h¯-twisted odd symplectic manifold is non-canonically
of this form. We shall add an extra structure to the manifold which will specify the vector space V and hence make this
correspondence canonical.
The inclusions V ⊂ V ⊕ V ∗[1] and V ∗[1] ⊂ V ⊕ V ∗[1] correspond to two transversal Lagrangian submanifolds L and L⊥
of (MV )0. We can always ﬁnd adapted Darboux coordinates {xa,ψa} such that the ideals of these submanifolds, IL and IL⊥ ,
are generated by {ψa} and {xa} respectively. Note that V is canonically isomorphic to the tangent space at the distinguished
point of the submanifold (TLV )0 of (TMV )0.
A quantum BV-manifold is an h¯-twisted odd symplectic manifold MV associated with some graded vector space V ,
equipped with a quantum BV-structure Θ such that in adapted Darboux coordinates {xa,ψa} one has Θ = exp(Γ /h¯)
√
Dx,ψ ,
where Γ =∑Γkh¯k , with classical and semiclassical parts satisfying
(i) (Γ0)ab = (Γ0)ab = 0,
(ii) Γ1(x,ψ) ∈ IL + IL⊥ .
This deﬁnition differs in the ﬁrst boundary condition from the one in [6] which read
Γ0(x,ψ) ∈ IL IL⊥ ,
i.e. for all i, (Γ0)a1...ai = (Γ0)a1...ai = 0. The second boundary condition says that Γ has no term proportional to h¯. This, since
the quantum master equation is invariant under translations Γ → Γ + kh¯, is only a normalization condition on Γ .
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Let (MV ,Θ) be a quantum BV-manifold. The boundary conditions on Θ imply that, in adapted Darboux coordinates
{xa,ψa}, we have
Γ = (Γ0)baxaψb︸ ︷︷ ︸
Γd
+
∑
n0
( ∑
p+q+2n3
p,q0
1
p!q! (Γn)
b1...bq
a1...ap x
a1 . . . xapψb1 . . .ψbq
)
h¯n
︸ ︷︷ ︸
Γa
.
Now, the quantum master equation implies that x,ψ (Γd) = {Γd • Γd} = 0, i.e.
(Γ0)
a
a = (Γ0)ba(Γ0)cb = 0.
Hence, letting
d(ψa) = (Γ0)baψb
deﬁnes a differential d on the graded vector space V [−1].
Letting δ = {Γd • −} the quantum master equation can be written as
(δ + h¯x,ψ )(Γa) + 1
2
{Γa • Γa} = 0.
A quantum BV-manifold (MV ,Θ) is called minimal if Γ = Γa . It is called contractible if Γ = Γd .
Theorem 2.9.1. Every quantum BV-manifold is isomorphic to a product of a minimal and a contractible quantum BV-manifold.
Proof. We deﬁne the order of a monomial
xa1 . . . xapψb1 . . .ψbq h¯
n
to be p + q + 2n, and let [Γ ]k be the sum of the terms of Γ of order k. Hence, Γ =∑k2[Γ ]k where [Γ ]2 = (Γ0)baxaψb
and, for k 3,
[Γ ]k =
∑
n0
( ∑
p+q+2n=k
p,q0
1
p!q! (Γn)
b1...bq
a1...ap x
a1 . . . xapψb1 . . .ψbq
)
h¯n.
We need to show that we can ﬁnd coordinates {xa,ψa}a∈I that split into two disjoint subsets {xA,ψA}A∈I ′ unionsq {xa,ψa}a∈I ′′
in such a way that [Γ ]2 depends only on {xA,ψA} and, for k 3, [Γ ]k depends only on {xa,ψa, h¯}.
As shown above, Θ induces a differential d on V [−1] and we may choose a cohomological splitting V [−1] =
H(V ,d)[−1] ⊕ B ⊕ B[−1] so that d equals the shift s : B → B[−1] on B and is zero on H[−1] and B[−1]. Let {ψa} be
a basis for H(V ,d)[−1], {ψα} a basis for B and {ψαˆ = dψα} a basis for B[−1]. This splitting of V [−1] induces a splitting of
V ∗ and associated basis {xa, xα, xαˆ}. Hence, we can ﬁnd adapted Darboux coordinates in which
Γ = xαψαˆ + O (3).
Here O (N) means a series of terms of order at least N . Thus {xα, xαˆ ,ψα,ψαˆ} will be our set {xA,ψA}.
Assume now that we have constructed coordinates such that for some N  2, [Γ ]2 = xαψαˆ and, for 3  k  N , [Γ ]k
depends only on {xa,ψa, h¯}. Using the Poincaré Lemma one can show that
[Γ ]N+1 = FN+1 − (δ + h¯x,ψ )(ΨN+1)
for some FN+1(xa,ψa, h¯), satisfying the boundary conditions, and ΨN+1(xA, xa,ψA,ψa, h¯). Note that |ΨN+1| = 1. The Hamil-
tonian vector ﬁeld of ΨN+1 can be integrated to a symplectomorphism xˆa = φa(x,ψ, h¯), ψˆa = φa(xa,ψa, h¯) and one can show
that in these new coordinates
Γˆ = Γ + O (N + 1),
[Γˆ ]N+1 = [Γ ]N+1 + (δ + h¯x,ψ )(ΨN+1) = FN+1.
Thus, we showed that we can choose coordinates such that [Γ ]N+1 depends only on {xa,ψa, h¯}, completing the induction
step. This gives a product representation
MV =MH(V ,d) ×MB[1]⊕B ,
where MH(V ,d) is contractible and MB[1]⊕B is minimal. 
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The notion of wheeled properad is a generalization of that of operad. Here we brieﬂy recall its Koszul duality theory
from [6].
3.1. Graphs
Let Gc denote the family of all connected graphs constructed from directed corollas, i.e. graphs of the form
..
..
,
by gluing input legs to output legs. We denote by Gc (m,n) the subfamily of graphs with m output legs and n input legs.
Given a vertex v ∈ v(G), we denote with in(v) and out(v) its set of incoming respectively outgoing half-edges. Note that all
legs and edges of a graph G in Gc are directed, in our pictures we always assume the direction is from top to bottom.
3.2. Σ-bimodules
A dg Σ-bimodule E is a collection {E(m,n)}m,n0 of symmetric dg k[Σm]-k[Σn]-bimodules.
3.3. Wheeled properads
Given a graph G and a dg Σ-bimodule E , the space of decorations of G by E is deﬁned as
G〈E〉 =
( ⊗
v∈v(G)
E(out(v), in(v)))
Aut(G)
where
E(out(v), in(v))= Bij([m],out(v))⊗k[Σm] E(m,n) ⊗k[Σn] Bij(in(v), [n]).
It has a natural differential induced by that of E .
Let P be a Σ-bimodule and {μG :G〈P〉 → P} a collection of linear Σ-equivariant maps. Given a connected subgraph
H ⊂ G , let μGH be the map G〈P〉 → G/H〈P〉 obtained by contracting the subgraph H to a corolla and decorating it with the
value of μH .
A dg wheeled properad is a dg Σ-bimodule P together with a collection of linear Σ-equivariant maps {μG :G〈P〉 → P}
such that
μG/H ◦ μGH = μG
for all graphs G and connected subgraphs H . The notion of dg wheeled coproperad is deﬁned dually.
Given a dg Σ-bimodule E , let
F(E)(m,n) =
⊕
G∈Gc (m,n)
G〈E〉.
There is an obvious collection of maps {G〈F(E)〉 → F(E)} deﬁning a wheeled dg properad structure on F(E), it is
called the free wheeled properad on E . The same underlying space also carries the structure of cofree wheeled coproperad on
E deﬁned dually and denoted Fc (E). Note that F(E) is weight graded by the sum of the number of vertices and the
number of loops, F(E) =⊕i F(i)(E).
For a Σ-bimodule E , let wE be deﬁned by wE(m,n) = E(m,n) ⊗ sgnn[−n], and w−1E be deﬁned by w−1E(m,n) =
E(m,n) ⊗ sgnn[n]. For a dg wheeled properad P , the wheeled bar construction of P is deﬁned as B(P) = Fc (w−1P) and
comes naturally equipped with a coderivation differential ∂B encoding the wheeled properad structure of P . Dually, given a
dg wheeled coproperad C , the wheeled cobar construction of C is deﬁned as Ω(C) =F(wC) and comes naturally equipped
with a derivation differential ∂Ω encoding the wheeled coproperad structure of C .
3.4. Representations
Let (V ,d) be a ﬁnite-dimensional dg vector space, and deﬁne a graded Σ-bimodule EndV by EndV (m,n) =
Hom(V⊗n, V⊗m). It has a natural differential, ∂ f = d⊗ ◦ f − (−1)| f | f ◦ d⊗ , and composition of functions deﬁnes maps
G〈EndV 〉 → EndV for all graphs G without directed cycles. To complete the description of the wheeled properad struc-
ture we need to be able to contract loops, which is done by taking trace. With this structure EndV is called the wheeled
endomorphism properad of V .
A representation of the wheeled dg properad P in a ﬁnite-dimensional dg vector space V , also called a P-algebra structure
on V , is a morphism of wheeled dg properads ρ :P → End .V
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A wheeled properad P is quadratic if it can be presented as a quotient P =F(E)/I of a free wheeled properad by an
ideal I = (R) generated by a subspace R ⊂F(2)(E).
Any quadratic wheeled properad P = F(E)/I is naturally weight graded with P(i) being the image of F(i)(E) under
the natural surjection F(E) →P .
3.6. Koszul duality
Given a quadratic wheeled properad P , note that Fc (w−1P(1)) is a wheeled sub-coproperad of B(P). The quadratic
wheeled coproperad P¡, deﬁned by the exact sequence
0 P¡ Fc (w−1P(1))
∂B B(P),
is called the Koszul dual of P .
A quadratic wheeled properad P is Koszul if the associated morphism of dg wheeled coproperads P¡ → B(P), or
equivalently, the associated morphism of dg wheeled properads Ω(P¡) → P , is a quasi-isomorphism. If this is the case
we usually write P∞ = Ω(P¡).
4. Prop proﬁle of quantum BV-manifolds
4.1. Quasi-Lie 1-bialgebras
The properad QLie1B of quasi-Lie 1-bialgebras is the quadratic properad F(E)/(R) deﬁned by
E(m,n) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
sgn3[1] = k · , (m,n) = (3,0),
sgn2 = k · , (m,n) = (2,1),
12[−1] = k · , (m,n) = (1,2),
13[−2] = k · , (m,n) = (0,3),
and relations
R(m,n) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
1 2
3 4
−
1 3
2 4
+
1 4
2 3
+
2 3
1 4
−
2 4
1 3
+
3 4
1 2
, (m,n) = (4,0),
1 2
3
−
1 3
2
+
2 3
1
−
1
2 3
+
2
1 3
−
3
1 2
, (m,n) = (3,1),
1 2
1 2
+ 1
2
1
2
− 1
2
2
1
+ 2
1
1
2
− 2
1
2
1
+ 1 2
1 2
, (m,n) = (2,2),
1
2 3
+ 2
1 3
+ 3
1 2
+ 1 2
3
+ 1 3
2
+ 2 3
1
, (m,n) = (1,3),
1 2
3 4
+ 1 3
2 4
+ 1 4
2 3
+ 2 3
1 4
+ 2 4
1 3
+ 3 4
1 2
, (m,n) = (0,4).
Given a structure of dg quasi-Lie 1-bialgebra in a dg vector space (V ,d) deﬁned by a representation ρ :QLie1B → EndV
we denote
ρ
( )= φ ∈ (V ∧3)−1,
ρ
( )= δ ∈ Hom0(V , V ∧2),
ρ
( )= [− • −] ∈ Hom1(V2, V ),
ρ
( )= η ∈ ((V ∗)3)2.
Remark that, in the special case φ = η = 0 we retrieve the notion of Lie 1-bialgebra, i.e. Drinfel’d’s notion of Lie bialgebra
up to a shift of degree of the Lie bracket. In the case η = 0 we retrieve, again up to a shift of degree, Drinfel’d’s notion of
Lie quasi-bialgebra.
Theorem 4.1.1. The properadQLie1B is Koszul.
We postpone the proof to Appendix A.
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The wheeled properad UQLie1B of unimodular quasi-Lie 1-bialgebras is the quadratic wheeled operad F(E)/(R⊕ R),
where E and R are as in the previous section and
R(m,n) =
{
k · , (m,n) = (1,0),
k · , (m,n) = (0,1).
As for ULie1B (see [6]), we do not know whether UQLie1B is Koszul or not. We do however consider Theorem 2.9.1 to
be an indication of that this might be the case. Abusing notation, we will let UQLie1B∞ denote Ω(UQLie1B¡).
4.3. Unimodular quasi-Lie 1-bialgebras and quantum BV-manifolds
A representation ρ of UQLie1B∞ in a dg vector space (V ,d) yields a family of maps{
ρa(m,n) ∈ Hom2−m−2a
(
Vn, V ∧m
)}
.
Let ρ0(1,1) = d ∈ Hom1(V , V ). Considering
Hom2−m−2a
(
Vn, V ∧m
)∼= (V [−1]m ⊗ (V ∗)n)2−2a ⊂O(MV )0 ,
we can collect all these maps into a single degree two function
Γρ =
∑
a,m,n0
ρa(m,n)h¯
a ∈OMV .
One can check that the fact that ρ respects differentials is equivalent with Γρ satisfying the quantum master equation (3),
proving the following.
Proposition 4.3.1. There is a one-to-one correspondence between representations ρ of UQLie1B∞ in the dg vector space (V ,d) and
structures of quantum BV-manifold onMV such that the quadratic part of Γρ is determined by d.
By standard methods this, together with Theorem 2.9.1, implies that quasi-isomorphisms of unimodular quasi-Lie
1-bialgebras make up an equivalence relation.
5. BF-theory
5.1. BF-theory in terms of unimodular quasi-Lie 1-bialgebras
Let V be a dg unimodular quasi-Lie 1-bialgebra deﬁned by ρ : UQLie1B → EndV . As above, ρ determines a degree two
function Γρ . In physical terminology this is the action of the corresponding BF-like theory and is often denoted S . For p ∈ V ,
ω ∈ V ∗[1] we have
S(p,ω) = 〈p,dω〉 + 1
2
(〈
p, [ω,ω]〉+ 〈[p • p],ω〉)+ 1
6
(〈
p3, η
〉+ 〈φ,ω3〉).
The term 〈p3, η〉 is usually called the cosmological term (see [1]).
As in [7] and [6] we will now show how one can induce a structure of UQLie1B∞-algebra on H(V ,d) by integrating
the semidensity determined by S over a suitably chosen Lagrangian submanifold. First, we choose a cohomological splitting
of V , determining an isomorphism of odd symplectic manifolds
MV =MH(V ,d) ×MB⊕B[−1].
The restriction of 〈p,dω〉 to the subspace B∗[1] ⊕ B[−1] ⊂ B∗ ⊕ B∗[1] ⊕ B[−1] ⊕ B[−2] is non-degenerate. Hence, if we let
L⊂MB⊕B[−1] be the Lagrangian submanifold associated to this subspace, then the integral
N =
∫
L
exp
(〈p,dω〉/h¯)√DB⊕B[−1]|L
is well deﬁned. Moreover, exp(Seff/h¯), deﬁned as
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∫
L
exp(S/h¯)
√
DB⊕B[−1]|L
= 1
N
∑
k0
h¯−k
k!
∫
L
exp
(〈p,dω〉/h¯)
·
(
1
2
(〈
p, [ω,ω]〉+ 〈[p • p],ω〉)+ 1
6
(〈
p3, η
〉+ 〈φ,ω3〉))k√DB⊕B[−1]|L,
is a well-deﬁned element in the algebra OMh¯,h¯−1 . It now follows from the Wick theorem that exp(Seff/h¯) is a formal power
series
∑
G∈G G(p′,ω′, h¯) in h¯ over all possible graphs constructed from corollas of four types
, , and ,
with legs decorated by bases {p′} and {ω′} of H(V ,d) and H(V ,d)∗[1] respectively and internal edges decorated by the
inverse of the quadratic form 〈p,ω〉. Taking logarithms we get
Seff =
∑
G∈Gc
G(p′,ω′)h¯g(G),
where g(G) is the genus of G and the decorated graphs G(p′,ω′) are precisely the same as those describing a UQLie1B∞-
algebra structure on H(V ,d) according to the theory of homotopy transfer (see [6]).
Appendix A. Proof of Theorem 4.1.1
The goal of this section is to prove the Koszulness of the properad QLie1B. Now, Ω(QLie1B¡) is generated by the
Σ-bimodule E(m,n) =wQLie1B¡(m,n) = sgnm ⊗1n[m− 2], for m+ n 3, and the differential is deﬁned on generators as
∂
..
..
n
m
=
∑
I1unionsqI2=[m],
J1unionsq J2=[n]
(−1)σI1,I2+|I1|(|I2|+1)
..
..
..
..
I1
I2
J2
J1
.
Deﬁning a decreasing ﬁltration of Ω(QLie1B¡) by the number of (m,0)- and (0,n)-ary vertices, i.e., letting
F pΩ
(QLie1B¡)= {decorated graphs with number of (m,0)-ary and (0,n)-ary vertices p},
induces a spectral sequence (Er,dr). We will show that it converges to F(E)/(Rgr), where
Rgr(m,n) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
1 2
3 4
−
1 3
2 4
+
1 4
2 3
+
2 3
1 4
−
2 4
1 3
+
3 4
1 2
, (m,n) = (4,0),
1 2
3
−
1 3
2
+
2 3
1
, (m,n) = (3,1),
1 2
1 2
+ 1
2
1
2
− 1
2
2
1
+ 2
1
1
2
− 2
1
2
1
, (m,n) = (2,2),
1
2 3
+ 2
1 3
+ 3
1 2
, (m,n) = (1,3),
1 2
3 4
+ 1 3
2 4
+ 1 4
2 3
+ 2 3
1 4
+ 2 4
1 3
+ 3 4
1 2
, (m,n) = (0,4).
We do not however compute the E1-term immediately, the E0-term being rather complicated: on (m,0)-ary and (0,n)-ary
vertices d0 agrees with ∂ , while on the rest it is
d0
..
..
n
m
=
∑
I1unionsqI2=[m],
J1unionsq J2=[n],|I1|,| J2|>0
(−1)σI1,I2+|I1|(|I2|+1)
..
..
..
..
I1
I2
J2
J1
.
We proceed by deﬁning an increasing ﬁltration of the E0-term letting
F p E0 =
{
decorated graphs with number of legs
attached to (m,0)-ary and (0,n)-ary vertices p
}
.
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differential of Lie1B∞ . Thus, the cohomology of the E0-term is easily calculated and
E1 =
F (
..
, , ,
.. )⎛
⎜⎜⎜⎜⎜⎜⎜⎝
1 2
3
−
1 3
2
+
2 3
1
,
1 2
1 2
+ 1
2
1
2
− 1
2
2
1
+ 2
1
1
2
− 2
1
2
1
,
1
2 3
+ 2
1 3
+ 3
1 2
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
.
The second relation implies that E1 is a product E ′1  E ′′1 of complexes
E ′1 =
F ( , .. )(
1
2 3
+ 2
1 3
+ 3
1 2
)
and
E ′′1 =
F (
..
,
)(
1 2
3
−
1 3
2
+
2 3
1
) .
To compute the cohomology of, say, E ′1 we ﬁrst note that it is a direct sum E ′1,1 ⊕ E ′1,0 of its (1,n)- and (0,n)-ary compo-
nents, the ﬁrst of which equals Lie1. To compute the cohomology of E ′1,0 we consider the complex(Lie1)¡ Lie1 .
Since Lie1 is Koszul, the cohomology of this complex is known to equal Lie1. We note that as Σ-modules (though not as
Σ-bimodules), E ′1,0 is isomorphic to the quotient of this complex by the subcomplex N  Lie1, where N is the Σ-sub-
module of (Lie1)¡ deﬁned by
N (n) =
{
12[−1], n = 2,
0, otherwise.
Restated, we have a short exact sequence of complexes
0 N Lie1 (Lie1)¡ Lie1 E ′1,0 0
and the long exact sequence in cohomology yields
0 H(E ′1,0) N Lie1 Lie1 0.
Hence, the cohomology of E ′1,0 equals the kernel of the projection from the set of all binary trees modulo the Jacobi relation
on all vertices but the root onto the set of all binary trees modulo the Jacobi relation on all vertices. This kernel is generated
by the element
i j
k +
j k
i + k i j
and we deﬁne an epimorphism from the (0,m)-ary part of
F ( , )(
1
2 3
+ 2
1 3
+ 3
1 2
)
to it by letting
i j k → i
j
k +
j k
i + k i j.
One sees that the kernel of this morphism is generated by the element
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3 4
+ 1 3
2 4
+ 1 4
2 3
+ 2 3
1 4
+ 2 4
1 3
+ 3 4
1 2
and hence
H
(E ′1)= F
(
,
)
⎛
⎜⎝ 1
2 3
+ 2
1 3
+ 3
1 2
,
1 2
3 4
+ 1 3
2 4
+ 1 4
2 3
+ 2 3
1 4
+ 2 4
1 3
+ 3 4
1 2
⎞
⎟⎠
.
The fact that
H
(E ′′1 )= F
(
,
)
⎛
⎜⎝ 1 2 3 − 1 3 2 + 2 3 1,
1 2
3 4
−
1 3
2 4
+
1 4
2 3
+
2 3
1 4
−
2 4
1 3
+
3 4
1 2
⎞
⎟⎠
is proven similarly.
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